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Abstract 



We construct finite Dyson boson-fermion mappings of general collective 
algebras extended by single-fermion operators. A key element in the con- 
struction is the implementation of a similarity transformation which trans- 
forms boson-fermion images obtained directly from the supercoherent state 
method. In addition to the general construction, we give detailed applications 
to SO(2JV), SU(M-l), SO(5), and SO(8) algebras. 
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I. INTRODUCTION 



The systematic construction of boson mappings for algebras defined by collective 
bifermion operators, or more generally the construction of boson realizations of Lie alge- 
bras, has by now been achieved in a rather complete fashion for which a comprehensive 
literature exists. (See Refs. |l|-|3| and references therein.) As shown by Dobaczewski [|TJ, 
one of the most transparent ways to achieve this construction exploits generalized coherent 
states 0], a formalism which has also recently been shown |5|U to be readily amenable to 
the construction of boson-fermion mappings from supercoherent states. 

We refer to Ref. |5| for a background discussion and motivation concerning the construc- 
tion of boson-fermion mappings of fermion systems in a many-body context. Here it suffices 
to recall that these methods aim at mapping (collective) fermion states with an even number 
of particles onto boson states, while those with an odd number of particles are mapped onto 
boson-fermion states. In this way odd boson-fermion states can be constructed in which col- 
lectivity and the Pauli exclusion principle are consistently included in the same theoretical 
framework. 

In Ref. || it was possible to establish a general prescription for constructing such map- 
pings and in particular it was shown that similarity transformations can be applied to modify 
properties of boson-fermion images. However, one important feature of these images was 
missing, namely, the odd states were represented by complicated many-fermion constructs 
instead of one-fermion states. Here we report on the construction of a mapping which re- 
gains this desired property and therefore corresponds to what has been hitherto proposed 
in most phenomenological models for odd fermion states. Some aspects of our construction 
have already been implemented in Ref. || where we discuss dynamical supersymmetry in 
some specific fermion models. 

It is thus the main objective of this paper to present the general construction mentioned 
above and to give some examples. The paper is organized as follows. In Sec. |IJ we begin 
by recalling some basic definitions and notation and then we proceed by constructing the 
similarity transformation which is the key element of the present approach. We then dis- 
cuss general properties of this similarity transformation when applied to the single-fermion 
images. Section |T| is devoted to examples concerning the SO(2iV), SU(£+1), SO(5), and 
SO (8) algebras, respectively, and conclusions are presented in Sec. [TV]. 

II. DYSON BOSON-FERMION MAPPING OF THE COLLECTIVE ALGEBRA 

We consider the boson-fermion mapping of a collective algebra defined by the collective 
fermion-pair creation operators 

A' = l^afa", (2.1) 

labeled by the collective index . . . , M. Together with the corresponding collec- 
tive fermion-pair annihilation operators, Ai=(A l ) + , all linearly independent commutators 
[Ai, A>], and the single-fermion operators, a u and a v , they are assumed to form a closed col- 
lective superalgebra. (Here fi, . . . ,N and M < N(N — l)/2.) These closure conditions 
read 
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[[A,A],A k ] = cilA h 
[A\a v ] = xlu a ", 

[A\a»] = 0, (2.2) 
{a",a v } = 5£, 
{a» } a v } = 0, 

where c? if . are structure constants and an implicit summation over repeated indices is as- 
sumed. With the single-fermion operators anti-commuting to the identity, the odd and 
even parts of this superalgebra are composed of single-fermion and bifermion operators, 
respectively. 

Following Ref. 0, we assume that the collective pairs are orthogonal and normalized to 
a common number g, i.e., 

(0|^|0) = ixf4, = gSl , (2.3) 
(Xi U= (.X^ u )*) which gives the symmetry properties of structure constants 

4 = 4 = 4 = (4f- (2.4) 

A Dyson type boson-fermion mapping of this algebra was derived in Ref. || using a 
collective Usui operator 

U = (0| exp (tfAi + a%) |0) (2.5) 

suggested by the supercoherent state method. This operator transforms collective even- 
fermion states, as well as collective states with additional individual fermions, into an ideal 
space composed of collective bosons, B 1 =b\, [Bj, B l ]=5j, and of ideal fermions a M . 

The mapping of operators 0< — >0 can be obtained from the equation OU=UO, which 
gives the following mapping of the collective superalgebra (|2.2|): 

A? «_> gB i - \^B i B k B l - xi P X? Bla ^ + A ° 



= [A,B j ]+A j , (2.6a) 

Aj < — ► Bj, (2.6b) 

[A, A] * ► gS{ - 4B k B l - xi P X?^a v , (2.6c) 

a u < — >a v + Xi'&aip, (2-6d) 

a u < ► a v . (2.6e) 

where we introduced collective ideal fermion pairs, 

^' = |x>V, Aj={A'? , (2.7) 

and the operator A, 

A = gB l B l - \c^ n B m B n B l B k - X l P x7 B l B k a»a u , (2.8) 
invariant with respect to the core subalgebra. 
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At this point it is important to recall that a key element in the boson-fermion mapping 
formalism is the existence of a physical subspace of the ideal space. This subspace is the one 
whose states can be put into a one-to-one correspondence with the original fermion space. 
In Dyson type mappings (as opposed to e.g. Schwinger type mappings ||) this one-to-one 
correspondence is guaranteed by simply operating (repeatedly) with bifermion and single 
fermion images onto the ideal space vacuum. At the same time the nature of the physical 
states obtained from this construction will clearly depend on the structure of the images and 
may not necessarily correspond to some preconceived physically desirable structure. This 
point was discussed in Ref. |J and is illustrated by the images (|2.tj|). 

Consider e.g. the image of the collective pair operator A 1 , Eq. ( |2.6a| ), which contains 
the corresponding ideal collective pair operator A 1 . Operating with this image onto the 
ideal space vaccum |0) gives A l \0) <-> (A 1 + gB l ) |0), and the collective one-pair states are 
therefore not completely bosonized as one would desire from a physical point of view. It is 
necessary, therefore, to transform the mapping ( j2.6| ) into a form which will suitably address 
this problem, namely result in a description where collective fermion pairs are represented 
by bosons only, while all other fermion degrees of freedom are simply accommodated as ideal 
fermions. Furthermore, the ideal states should accommodate an arbitrary number of ideal 
fermions, representing non-collective fermions, but of course still subject to reigning space 
limitations. 

An attempt was made in the Ref. || to find a transformation leading to a mapping which 
reduces to the standard Dyson mapping (with bosons only) if the odd degrees of freedom are 
dropped. The drawback of the transformation suggested was that the mapping resulted in 
images of single-fermion operators given as infinite series. At the same time, the odd states 
were mapped onto rather complicated boson-fermion states. 

In Ref. || we presented a similarity transformation which resolves this problem, i.e., gives 
even collective ideal states which are completely bosonized and at the same time yields the 
odd states described by single ideal fermions. In that paper we proved by induction that a 
specific similarity transformation meets these requirements. Here we proceed differently, by 
showing how the same transformation can be derived from properties of some hamiltonian- 
like operators. 



A. Construction of the transformation 



We rewrite the right-hand sides of expressions (|2.6a| ) and (|2.6c|) in a short-hand notation 



as 



A j 



Ai, A 3 



R j + A 



B 



j > 

II,. I," ■ A 1 



(2.9a) 
(2.9b) 
(2.9c) 



Firstly, we observe that because [B{, A^]=0, we may simply drop the term A 3 in Eqs. ( |2.9a| ) 



and ( 2.9c ), and the commutation relations of the collective algebra will still be satisfied, 
i.e., the operator R? alone when commuted with Bj gives the right-hand side of Eq. ( |2.6c| ). 
We may, therefore, envisage a similarity transformation (X, say) that will achieve just this 
modification, namely, 
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X- 1 (BP + A j ) X = BP, (2.10a) 
X~ l BjX = Bj, (2.10b) 

and which could then be applied to the right-hand sides of expressions ( |2.6d| ) and ( |2.6ej ) to 
find the corresponding single-fermion images. 

To evaluate X we first multiply expression ( |2.9a| ) by Bj and sum over j. This gives the 
operator 

// II' IS, ■ A'Hj. (2.11) 

where the first term on the right-hand-side conserves the number of bosons and ideal fermions 
separately, while the second term decreases the number of bosons by one and increases the 
number of ideal fermions by two. It is clear that this operator has an upper (or lower) 
triangular structure in the basis characterized by the numbers of ideal bosons (or fermions). 
Consequently, it has the same spectrum as the operator 

H = R j Bj (2.12) 

and, therefore, H and Hq are related by a similarity transformation of the type introduced 
by Geyer § 

OO OO 1 

* = E^ = E(?^r^)^ > (2.13) 

fe=0 k=0 -"0 — -"0 



X~ l HX = H . (2.14) 



Here the lone hat " - " is read together with a positional operator |T(J and determines at 
which position the hatted operator, H in this case, is evaluated. 

The denominator in expression ( |2.13| ) can be written in a convenient form much more 
directly linked to the structure of the ideal fermion (core) algebra. To show this we first 
identify 

C B = gB l B l - \c^ n B m B n B k B x 

= gB l B l - \cZ n B m B k B n B l + \c k ^B m B k (2.15) 

as the invariant operator of the boson core algebra, and 

C F = A l Ai (2.16) 

as the invariant operator of the ideal fermion core algebra. The invariant operator of 
the boson-fermion core algebra may be conveniently expressed if we perform an auxiliary 
bosonization of the ideal fermion pair algebra by using auxiliary bosons b % and bj which 
commute with the other boson operators B, 

A j < — > gb> - I4 l k b l b%, (2.17a) 
Aj < — > bj, (2.17b) 
[A^A^^gSi-^k. (2.17c) 
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This greatly facilitates the construction of the boson-fermion invariant operator, since the 
similar structures of Cb and C F (when the latter is expressed in terms of the auxiliary 
bosons) allows one to write in analogy of expression ( |2.15| ) 

C BF = g(B l B l + b%) 

- \c k i n {B m B k + b m b k \B n B l + b n b t ) 

+ ±c k J ll (B m B k + b m b k ) . (2.18) 

This can be further rewritten as 

C B f = C F + B l [Ai, A h ]B k — ^c k j in B m B n B k Bi 

= C F + H , (2.19) 

with C F now again given by expression ( |2.16| ). It follows that Hq=Cbf~ Cf, and since 

'Cb^A'Bj] = (2.20) 

the desired result is 

Hq — H Q = C F — C F , (2-21) 

which explicitly demonstrates that the denominator in ( |2.13|) depends only on the invariant 
operators of the ideal fermion core algebra, i.e., 

OO OO 1 

* = = £(7; jtA'BJK . (2.22) 

fc=0 k=0 ^F — L-F 

We were not able to derive a similar closed form of the inverse transformation X" 1 , but 
in fact this is not necessary provided we know how to commute boson-fermion operators 
with X. Indeed, O' is the similarity transform of the operator O if it satisfies the equation 
OX=XO' where only the operator X appears. By inspection of the structure of X, however, 
it is possible to write down the lowest order terms in an expansion for X -1 , 

x-^i- 1 




A l B^j 

(2.23) 

Up — Op Op — ( -'F 

where brackets demarcate where the hatted operators are to be evaluated in a term with 
more than one of these hat indicators, " " . 

It should be noted that X and X~ l have an identical triangular structure, namely, they 
contain terms which decrease (increase) boson (fermion) numbers by zero, one, two, etc. 
(zero, two, four, etc.). 

After deriving the expression for X we may now verify Eqs. ( p.lOj ). A proof of these 
identities by induction has been given in Ref. and will not be repeated here. While it is 
clear that the transformation law (|2.14 ) for H is a consequence of the transformation laws 
( |2.1(J| ) for Ri+Ai and Bj, it was, however, only by considering the hamiltonian H that we 
were actually able to derive the similarity transformation in the form of Eqs. (|2.13| ) and 
(p|). 
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B. Single-fermion images 



To find the Dyson boson-fermion images of single-fermion operators we apply the trans- 
formation ( ggg) to ( p^HD and (^6|). From Eqs. ( ggg) and ( ggg ) it follows that the 
transformed annihilation operator 

I i 

X^otvX = ot v —A l Bi~a u + a u —A l B^ 

Op — Op Op — Op 

' -A l B x 1 -^A m B m ^a u + a u 1 -^A l B l 1 -^A rn B m ~ 



Op — — ^F — ^F ^F — ^F 

' 1 -A 1 B r . ^ a v { 1 ^ A m B m . ^ 



\Of — Up / \^F — ^F / 

+ ( 1 -^A l B l ^ ) ( l^A m B m Aa u + ... (2.24) 

decreases the number of ideal fermions by one and increases the number of ideal fermions 
by 1, 3, 5 etc. The same is true for the transformed creation operator 

X-\a» + x7B n a p )X = a" + X u n p B n a p - - 1 A l B l . %l P B n a p 

Op — Op 

+ Xn P B n a p 1 -^A l B l ~ 1 -^A l B t ~ a v + a v 1 -^A l B l ~ 

Of — Of Of — of Of — Of 

A l B l - 1 * A m B m ~ x7B n a p + x7B n a p „ 1 A A l B x - 1 ^ A m B m ~ 



Op — Op Up — Op Op — Op Op — Oi 

- I 1 -^A l B l A X n P B n a p ( l -^A m B m A 

\c F -c F I n p \c F -c F J 

+ (—l^'fl, ~ ) (^^T^ 5 ™ - ) Xn P B n a p + ... . (2.25) 

In Eqs. ( p. 24 ) and (|2.25|) we show all terms changing the number of ideal fermions by one 
and increasing this number by three. 

The question arises whether the terms in the single-fermion operator images which in- 
crease the ideal fermion number by more than one can contribute to matrix elements in the 
full ideal boson-fermion space. Although we were not able to settle this question on the 
operator level, we will demonstrate that the answer is negative for at least a wide class of 
states characterized by the condition 

.4,1V) = (2.26) 

for all those I which refer to the collective pairs singled out for mapping onto bosons as in 
(pi). 

On the one hand this is a physically relevant condition, since the mapping should be 
designed to eliminate collective ideal fermion pairs in favor of bosons. At the same time 
condition ( |2.26| ) does not limit the considerations to the physical subspace of the ideal boson- 
fermion space, as is often the case with ideal space relations which are the counterparts of 
operator identities in the original space. (See also an explicit example in Sec. |III Q ) We 
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note that the condition ( |2.26| ) is automatically fulfilled for the most practically interesting 
cases of rip = and np = 1. For ideal space states with two ideal fermions, the condition 
implies, as anticipated above, that the ideal fermions should form pairs orthogonal to all the 
collective pairs mapped onto bosons. 

Condition fl2.26| ) and its consequences for the single-fermion images are explicitly dis- 
cussed in Appendix [A[ Here we only collect the final expressions which define the Dyson 
boson- fermion mapping of the general collective algebra characterized by (anti) commutation 
relations (|2.2|) : 

A j <__> gB J _ \^B i B k B l - xipXi'B'a^ (2.27a) 
Aj < — ► Bj, (2.27b) 
[A i7 A j ] <— g5{ - cliB k B l - x^ P X?^a v , (2.27c) 

a - <_> a - + x ^Wa p - 1 ^ A% ~ x7B n a p 

Cf — Gf 

+x7B n a 1 ~ A% ~ . . . , (2.27d) 
Gf — Of 

a u < — ► a v - ~ A l B^ a u + a v ~ A l Bx , (2.27e) 

Gp — Gp Gp — Gp 

where the dots . . . refer in general to higher-order terms increasing the number of ideal 
fermions by 3, 5, etc. These terms cancel when acting on a wide class of states characterized 
by condition ( |2.26|) . 



C. Physical subspace 



We now discuss the structure of the physical states and show how the condition (|2.26|) 
is satisfied for them. Simultaneously, it becomes clear that the higher-order terms in the 
single-fermion operator image cannot contribute to the physical states. First we note that 
the similarity transformation ( |2.22| ) does not change any state in which there are no bosons 
B\ and therefore the single-fermion states are mapped onto single ideal fermion states, 

o"|0) a u \0). (2.28) 

Since the images of pair creation operators ( |2.27a| ) do not change the ideal fermion number, 
collective odd states |^ dd) will be mapped onto ideal states with one ideal fermion only. 
Especially from a physical point of view, this result is a clear improvement over the solutions 
found in Ref. 0, where collective odd states were mapped onto ideal states with many- 
fermion components. 

Repeated application of (|2.27d ) shows that the two-fermion states are mapped as 



fl V|0) < > («V + X ^B { - ±^^0), (2.29) 

G F 

and in general contain the non-collective pair of ideal fermions a^a^lO). However, when the 
collective pair A 7 is formed by summing the pairs a^a u with collective amplitudes \xLvi ^ ne 
ideal non-collective pairs above recombine and since [see Eq. (|2.3j )1 GFvA 7 |0)=gA 7 |0) the first 
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and last terms above cancel. Only the boson state gB^O) therefore remains as the image of 
a collective fermion pair state. Again, since the images (|2.27a|) conserve the ideal fermion 
number, the same recombination mechanism is also valid for any even state. It is also clear 
that Ai acting on the right-hand-side of ( |2.29| ) gives zero, in accordance with the condition 

Consider now the images of three-fermion states. From ( |2.25| ) and ( |2.29| ) we observe 



that the terms increasing the ideal fermion number by three could also contribute to a 
three-fermion state constructed by an application of ( |2.25| ) on ( |2.29| ). These terms cancel 



as follows from the proof in the preceding section, because here these terms would act on 
a state with no ideal fermion. The three-fermion state therefore contains contributions of 
only those terms shown explicitly in (|2.27d|) and can be written as 



a T a^a u \0) < — > (« r a"« v + a T X l pr B l + a v X ?B l + a» X 7 B 
1 v . 1 r . 1 ur . 

Op Op Op 



u 

1 1 



gQ 



X l pr x7x l p „A l an\0). (2.30) 



F 



It is simple to verify that x^iy^^^l^) ma P s onto R l a T \0), but it is more involved to show 
that the image of, say, x^ffl 1 g^g^IO) , obtained by explicitly combining the three indicated 
images, reduces to R l a u \0), as it should if the mapping is consistent. This calculation can 
again be facilitated by performing an auxiliary bosonization of the ideal fermion operators 
using (|X4|). Once more the higher-order terms do not contribute when acting as in ( |2.30| ) as 
it fulfills the condition — 0, which can best be recognized in the auxiliary bosonized 

picture. 

So far we have discussed states constructed from the single-fermion operator (|2.27d| ). 



However, because the pair creation operator image ( |2.27a ) does not change the ideal fermion 



number and commutes with ( |2.27d| ) (which can be checked explicitly) our previous analysis 
is valid for any physical state obtained by the application of (|2.27a|) on the states ( p.28|) , 
( |2.29| ), and ( |2.30| ). In particular, the terms increasing the ideal fermion number by three, 
five etc. do not contribute to these physical states. 

One property of the single-fermion images that has so far not been discussed, concerns 
the question whether anti-commutators among the original fermion operators a M and a u are 
preserved on the ideal space by their images. Common wisdom has so far held that it is 
only on the physical subspace that the images can in fact preserve these anti-commutators 
PJTTHl3| . This conclusion mostly follows from the particular construction of images and the 
subsequent method of verifying these relations in the ideal space, which typically leads to 
results of the type {(a u )i, (a M )i}P = S^P, where the subscript I denotes a general image and 
P the projection operator to the physical subspace of the full ideal space. 

One of the advantages of our construction through supercoherent states is that it is 
easily verified that the images ( |2.6d| ) and ( |2.6e| ) preserve anti-commutation relations on the 



full ideal space. Subsequent images obtained from these original images through similarity 
transformation will naturally retain this property, as long as the transformation X, which 
defines the similarity transform O' of operator O through OX = XO', is non-singular, as 
is the case in our applications. We return to this point in the following examples. 
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III. APPLICATIONS AND EXAMPLES 



The mapping derived in the previous section also covers the non-collective algebra 
SO(2iV). As we discuss in Sec. |III A| , the similarity transformation may in this case be 
expressed in a more compact form. Other examples, pertaining to collective algebras, are 



presented in Sees. LLIB-II LD. 



A. SO(2iV) mapping 

The Dyson boson-fermion mapping obtained in Ref. [||] from the supercoherent state 
method for SO(2iV) is 



i p a u < — > - B pp B ve B„ 



-B pp a u a p + B vp a p a p + a»a v , 



a p a,, < — > 



B pd B u9 + 



cr a,. 



a v < — > a u + B up a 
a v < — > a u . 



(3.1a) 
(3.1b) 
(3.1c) 
(3.1d) 
(3.1e) 



The invariant operator of the ideal fermion core algebra depends in this case only on the 
number operator n=a p a p , namely, 



Cf = \a p a l ' a v a p = |n(n — 1). 
This simplifies the similarity transformation significantly. In particular we have 

Cf — Cf = \{n — h){n + n — 1), 
and the transformation ( 2.22|) can be summed to the following closed form 

ha p a u B„ 



(2n-l)!! 

X = : rrrrexp 



' [IV 



(n + h- 1)!! 

Finally, the transformed Dyson boson-fermion mapping is 



a" a" < — > 



B y.u _ BWB ve BpB - B pp a v a + B vp a p 



a 



pi 



a^a p < — > B^, 



cr a,, < — > 



B p0 B u8 + a p 



a, 



a v < — ► a v + B vp a c 



2n-3 



a u n + 



2n - 1 



-a T B up B 



pr 



a a a T a B vp B 

(2n-l)(2n-3) p ar ' 

a u < — > a u — — — — —a a a T a v B aT - 



(2n- l)(2n-3) 



1 

2^~- 1 



-a T B v 



(3.2) 



(3.3) 



(3.4) 



(3.5a) 
(3.5b) 
(3.5c) 



(3.5d) 
(3.5e) 
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We observe that the single-fermion images are finite and comprised of terms changing the 
ideal fermion number by one only. Moreover, the mapping is such that an attempt to create 
a fermion pair using successive application of ( |3.5d| ) is equivalent to the application of ( |3.5a|) . 

It is not difficult to verify, as anticipated in the previous section, that the images (|3.5d|) 
and ( |3.5e| ) preserve anti-commutators on the full ideal space, i.e. as operator identities. An 
efficient way to do this is first to form a product of two single fermion images and then to 
symmetrize with respect to the indices. Upon symmetrization some terms in the product 
will immediately yield zero on their own, because of their anti-symmetry, while others will 
conspire to yield either zero or unity, depending on the anti-commutator being verified. 



B. SU(^+1) mapping 

Let us suppose that the collective operators form an (Q + l)-dimensional symmetric 
representation of the unitary algebra SU(£+1), i.e., one has £ collective pairs A^. This 
model can be realized in an (£+l)xQ system of states, forming £+1 degenerate levels, by 
introducing the pairs 

a* = E a L*L, (3-6) 

m=l 

where the index refers to one of the levels, and i = 1, . . . ,£. The simplest example is 
provided by the well-known quasispin SU(2) algebra obtained for £=1. By normalizing the 
collective pairs so that g=fl, one obtains ^-independent structure constants: 

c£ = #4 + *$. (3-7) 
The mapping of this algebra derived in Ref. p| from supercoherent states is 

Ai < — ► -B j N B + B l [Ai, A>] + A j , (3.8a) 

Aj < — ► Bj, (3.8b) 
[A i ,A j ]^8i({l-N B )-BiB i 

- {qs{ - [Ai, A j )) , (3.8c) 

a? < — >a u + B l [A l ,a% (3.8d) 
a v < ► a u , (3.8e) 

where N B =B k Bi c is the boson-number operator. 

Again we may express the similarity transformation in a compact form as the invariant 
operator of the fermion core algebra depends only on the ideal fermion number operator 
n = a p a p , namely, 

C F = \n{n + 1 - In) . (3.9) 

We then get 

C F -C F = Un-n)(Q + l-Un + n)), (3.10) 
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and the transformation ( |2.13|) is 



X 



(O- Un + n))\ 



-exp 



The transformed Dyson boson-fermion mapping is obtained in the form 



A' 
A 3 

[Ai,A>] 



B 



31 



a «- 



5j{n - N B ) - B j Bi 
a u + B { [Ai, a 

4 



1 



tt-n + 2 



Q5i - [Ai,A 
A^Ai, «1 - 



(3.11) 



(3.12a) 
(3.12b) 
(3.12c) 



1 



Q - n + 1 



B^a^A^Bi 



(n-n + i)(n-n 

1 



2) 



n 



l)(fi-n + 2) 



AB^Ai^^Bi 



A l B t a u + 



Q - n + 1 



(3.12d) 
(3.12e) 



As in the SO(2iV) case we observe that the single fermion images are finite and contain 
terms changing the ideal fermion number by one only. For the SU(2) algebra the mapping 
( |3.12j ) reduces to the one derived previously in Ref. fL2| . Furthermore, the images fl3.12d| ) and 
( p,12e|) preserve anti-commutation relations on the full ideal space, as can be verified after 
some algebra. In Ref. |12[ the construction of these same images allowed a simple argument 
to prove that these relations were preserved at least on the physical subspace. That we 
could anticipate and finally make a more general and complete statement about the anti- 
commutation relatios here, once again illustrates the versatility of the (super) coherent state 
method. 



C. SO(5) mapping 

Probably the simplest model with an invariant operator C-p which does not just trivially 
depend on the fermion number, as in SO(2iV) and SU(£+1), is the SO(5) model [Q. It as- 
sumes two single-? shells with the same degeneracy f2=2j+l, where three kinds of monopole 
pairs can be formed. Let us denote these shells by p and h and introduce the following pairs 
with the normalization g in (|2.3| ) chosen to be equal to Q: 

S + = Vtt(a p a h )W , S_ = (3+) + , S = \{n p + n h - 2Q), (3.13a) 
L + = ^L/2{a p aP)^ , L_ = (L+)+ , L = \{n p - fi), (3.13b) 
K + = /fV2(aV l )W , = (K + )+ , K = \{n h - O), (3.13c) 

where the fermion creation operators are coupled to angular momentum zero. The algebra 
is closed by monopole single-particle operators: 

T + = -Vn(a?a h )M , T_ = (T + ) + , T = \{n p -n h ), (3.14) 

where the tilde denotes the time-reversed operator. 
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The boson-fermion mapping derived from supercoherent state method is (see also Ref. 
14 1 where a different normalization is used) 



S + 

5*0 
L + 

L 
K + 

K 
T + 
T_ 
T 



a h 
a h 



^B f (tt- \{N f + n p + n h ) - N p - N h ) - B p B h B f - B P T_ - B h T + + S. 
+ B f , 

-> ±(N P + N h + N f + \n p + \n h - fi), 
-> 5 P (0 -N p -Nf- n p ) - \B f B f B h - B f T + + C 

-> |(2A^ + iy/ + n p -0), 

-> 5^(0 -N h -N f - n h ) - \B f B f B p - B f T_ + /C+, 

->I(2jV fc + JV> + n h -fi), 
+ B*B f + BfB h + T+, 
-> B f B p + B h B f + T_, 
-> K-ZVp + - N h - \n h ), 



+ ^.B'a/, + 



(3.15a) 
(3.15b) 
(3.15c) 
(3.15d) 
(3.15e) 
(3.15f) 
(3.15g) 
(3.15h) 
(3.15i) 
(3.15j) 
(3.15k) 
(3.151) 
(3.15m) 
(3.15n) 
(3.15o) 
(3.15p) 



The ideal-fermion-pair and the single-particle operators are defined in the same way as in 
( |3.13| ) and ( |3.14p with the a operators replaced by a. 
The similarity transformation is given by 



k=0 



Cp ~ Ci 



■wy 



with 



and 



W = S + B f + C + B p + K, + B h 



S+S- + + /C+/C_ 



(3.16) 



(3.17) 



(3.18) 



Consequently, the transformed mapping of the bifermion operators is identical to that given 
in Eqs. ( |3.15a| ) — ( |3.15p| ), except from the fact that the ideal fermion pairs S + , C + , and 
/C + disappear from Eqs. ( |3.15a| ), ( |3.15d|) , and (|3.15g| ), respectively. On the other hand, the 
mapping of single-fermion operators now reads 



^a p + ^B f a h + B p a p 



+(±Bfa h + B*>a p ) 



Cp — Cp 



-W+ 



B p a 



1 



-w. 



(3.19a) 
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a p < — > a p - 1 W~ a p + a p ~ W~ + (3.19b) 
Cf — Cf Gf — Gf 

a h <__> a h + _^ B f &p + B /» fih _ 1 ^ (^a p + B h a h ) 



+(4 5 # f S P + B h a h ) 1 ^ ^ + . . . , (3.19c) 

— >a h -—— p -W~a h + a h —^ r W~+... . (3.19d) 
Gp — Gp Gp — Gp 

It is not difficult to perform explicit calculations in this model and present explicit results 
for some particular configurations. For example, it is straightforward to show that the image 
of a p ( p.!9b| ) acting on the |np = 0) subspace has the form 

a p \n F = 0) <— > - ([a p , S+]B f + [a p , C + ]B P ) \n F = 0), (3.20) 

where |np = 0) means that all the fermions form collective pairs only. The image of the 
same operator acting on the subspace \np(p) = 1) is as follows 

a P \n F (p) = 1) < — > (a P - — (S+B f + £+B p + JC + B h ) a p 

+ i) (i^ P S + ~ a p £ + T_)B f + ((fi - \)K + a p - a p S + T_)B h ) 

+ n^Y apiC+Bp ) Mp) = 1)? (3 - 21) 

where \n-p(p) = 1) means that one fermion is unpaired and occupies the level p. In Appendix 
H we show how the general structure of the single-fermion images specifies to the case of 
the SO (5) model. 



D. SO(8) mapping 



The SO (8) model [15] is defined by collective pairs 



J+i+k+jl 3i32 J ji 32 J 



k 



i i k 



a t a h) 



(J) 

M 



JM 



anE(-i) 



J+i+k+j 



Jih f ji h J 



nn 



k 



i i k 



(J) 

M 



(3.22a) 
(3.22b) 



with i = | and k integer. In (ET22aD only S + ( J=0) and D+ (J=2) pairs are allowed, while 
in ( |3.22b| ) J takes values 0, 1, 2, and 3. 

In order to generalize the model to odd systems we may add creation and annihilation 
operators, aj m and a jm . The boson-fermion mapping of this algebra derived from superco- 
herent states is 
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Fj M <— ^ 



JM 



k 2 



I M 



J1J2J3J' 



+ w { - 1)AJA { J i J i J i}^ v 



J 2 J\ J' 

J2 



Fjm < — ► Bjm, 
2V2Q 

PjM <— 



^ k 



i) J+21 E { 
J1J2 1 



at < > a ) m + ^ J 1 j 1 (-l) J1+ ' +/ 



Ji J 2 J 

iii 

h J Ji 

iik 



{B\Bj^+Vj M , 



[B\a n ) 



(3.23a) 
(3.23b) 
(3.23c) 

(3.23d) 
(3.23e) 



where Bj M =(—1) j ~ m Bj_ m and a 3 - m =(— l) J-m a 3 -_ m . The ideal fermion pair operators .F 
and Vjm are given by Eqs. fl3.22a| ) and ( |3.22b|) , respectively, with the fermion operators 
replaced by ideal fermion operators ay m . 

In this case we cannot simplify the similarity transformation 



JM 



"jm 



k=0 U F 



(3.24) 



as 



C F -C F -- 



§(n-n)(fl + 6-§(n + n)) + C' : 



2Spin F (6) — C2Spin F (6) 



(3.25) 



with n the ideal fermion number operator and C2s P in F (6) = 7 (-Pi • Pi + P2 • P2 + P3 • Ps)- The 
transformed mapping then reads 



f jm <_ 



5 



jm ~ E -h-h-hJ' 

k J1J2J3J' 



( ■ T \ 

i i J 3 

Jo (/l J 

v / 



(K^ 2 ) (J,) ^a) 



{J) 
M 



(■0 
Af 



-Fjm < — ► -Bjm, 
2 v / 2l7 

PjM 4 



-i) J+21 E -U { t f f } (^A)S? + v JM , 



k J1J2 

for the collective pair operators while for the single-fermion operators we obtain 



(3.26a) 
(3.26b) 
(3.26c) 



^trn < ► "jm + B] 



j rn 



Ti a}- 

1 

Cf — 



Cf — Cf, 



-T\ ■ B 



n ■ Bj, ~ b] 



Fj, at 



Ji ■ °Ji 



-T\ ■ B, h ~ a jm + a jm 



Cf — Cp 



-n • b Jv 



(3.27a) 
(3.27b) 
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The commutator B\ 



dots 



3~ J\ i Q-jm 

refer to the same class o: 



in ( 3.27a|) just gives the second term in (|3.23d| ) and the 
terms as in Eqs. Q2.27d| ) and ( |2.27ej ) . 
Let us now consider the matrix elements of the mapped single- fermion operators (p. 27a ) 
and (|3.27b| ) between even and odd states |^) and \^f') corresponding to nuclei with particle 
number differing by one. It is assumed that the even state contains collective pairs only. 
These matrix elements give then the spectroscopic factors and can be written in the following 
form 



V2 
k 



% % k 



Cj) 



k i j 2 



L k 



J h f 



iik 



(3.28a) 
(3.28b) 



Note that unlike the phenomenological interacting boson-fermion model (IBFM) case 
17] the tensorial form of the appropriate single- fermion transfer operators, as functions of 
supergenerators and ideal fermions [compare Eqs. ( |3.5| | or their collective counterparts), is 
here uniquely fixed by the mapping. For example in the U(6/4) case [k=0 in Eqs. ( p.28|) 1 
the operators have the <J\ = \ Spin(6) tensorial character. 

It should be mentioned that a boson-fermion analysis of the SO (8) model had previously 
been presented by Frank et al. [16] from the point of view of group contractions. Although 



this led to the emergence of an IBFM-type structure, only some truncated Holstein-Primakoff 
images of the SO (8) generators were presented, which makes direct comparison with our 
exact Dyson images ( |3.26| ) difficult. Furthermore, the construction of single fermion images 
is not considered at all in Ref. [ i~6| , while the identification of possible supersymmetric 
structures is only speculated about. We refer to Ref. for further discussion concerning 
supersymmetry in this context, as well as for a concrete example. 

Finally, it is important to realize that the operator images of a^ m and a jm which are 
effective in Eqs. ( |3.28 ) cannot simply be compounded to obtain the image of an interaction 
term of the type a + a + aa, say, as these images are valid only for the subspace with zero 
and one ideal fermions only. This type of inconsistent application in some semi-microscopic 
applications is also analyzed and discussed in Ref. HI 



IV. CONCLUSIONS 

In this paper we have derived a generalized Dyson boson-fermion mapping of the most 
general collective fermion-pair algebra extended by single-fermion operators. The mapping 
is given as finite non-hermitian boson-fermion images of fermion pairs and single-fermion 
operators, both expressed in terms of ideal boson and ideal fermion annihilation and creation 
operators. 

The constructed mapping exploits an important freedom available in the boson-fermion 
space, namely that suitable similarity transformations can be devised to shift between com- 
ponents of the boson sector and the ideal-fermion-pair sector of the ideal space. The principal 
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achievement of the present paper lies in finding an explicit form of such a similarity trans- 
formation which leads to collective even states being mapped onto boson states only, while 
collective odd states are mapped onto boson-fermion states with one ideal fermion only. In 
algebraic models we are thus able to account fully for the effects of the Pauli correlations 
between the odd fermion and the collective fermion pairs. 

Although our results are based on stringent conditions of algebra closure, they may serve 
as guidelines for realistic cases where the exact closure need not be fulfilled. In particu- 
lar, by using our boson-fermion mapping we have been able to derive microscopically some 
super symmetric structures || which previously have only been introduced in a phenomeno- 
logical way. Similarly, we can explicitly obtain the tensorial structure of the single-fermion 
operators defining the spectroscopic factors in boson-fermion models. 

We have derived a general formula for the required similarity transformation as a power 
series in terms of a particular operator invariant with respect to the ideal-fermion core 
subalgebra. In two cases, for the SO(2iV) and SU(£+1) models, we can sum the series and 
give finite expressions for the images of single-fermion operators. We also showed that in 
the general case simple physical requirements allow the series to be truncated to low-order 
terms when one is e.g. interested in calculating spectroscopic factors. 

Our two-stage construction of boson-fermion images, viz. a first image deduced from 
a supercoherent state, followed by a similarity transformation, allowed us to demonstrate 
that the single fermion images constructed in this way generally preserve anti-commutation 
relations on the full ideal space, unlike previous constructions of many workers in this field 
where these relations were valid on the physical subspace only. We anticipate that our more 
general result will become important especially when boson-fermion calculations are carried 
out in the full ideal space as part of the program discussed and advocated in Ref. 0. 
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APPENDIX A: STRUCTURE OF SINGLE-FERMION IMAGES IN THE 

GENERAL CASE 



We consider here the second-order terms in the annihilation operator ( p.24[ ) containing 
two boson operators B, 

(a v l -^A l B l 1 -^A m B m ^ }-—J}B x l -^A m B m ^a v 

\ Up — Op Op — Op Up — Op Op — Op 

- ( 1 -^A l B l ~ ) a v ( 1 -^A m B r , 

V C F -C F > V Cf-Cf 

+ f - 1 A A l B^)( - 1 A A m B m ~)n : 



Cp — Cp Cp — oi 
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a v ^ r A l B l -^A m B m - ^ r A l B l -^A m B m a v 

Op Op Op Op 

- ^ 1 x A l B^ a u -^A m B m + 1 A l B l ~ -^A m B m a v ) |V) , (Al) 
Of — Of O'f Of — Of O'f / 

where ( |2.26| ) is assumed. We furthermore investigate 

Cpa -^ m 5 m |z/>) = ^a^i-^'S, -^A m B m |V) . (A2) 

Op Op Op Op 

To evaluate 

A^ r A l B l ^A m B m \$) (A3) 

Op Op 

we perform an auxiliary bosonization of the fermion operators A in the spirit of mapping 
fl2.17|) . This time, however, we introduce, in addition to the auxiliary bosons b, also auxiliary 
fermions a commuting with the bosons B and b and consider the mapping (|2.17|) in the 
alternative form 

A j < — >[A,b j ], (A4a) 
Aj «— > bj, (A4b) 
[Ai, A j ] — gSj - 4lb% - 4 P Xi P ^, (A4c) 

of <_> a v + x7b l a p - 1 ^ A% ~ X ^b n a p 

+ x ^b n a p -^A l b^..., (A4d) 

1 ]_ 

< > 6c v —A l bi^ 6t u + a v —A l bi^ . . . , (A4e) 

C f -C, Cj-Cj 

with A 1 = \x l P v^a v , C f = A l A u and 

A = gb% - \c k J m b m b n kb k - X k pp x7b l b k a»a v 
= (Cp)bf + |cl6 m 6"6,6 fc = i(C F ) bf + \b l [A h A k ]b k , (A5) 

where (Cp)bf is expressed using the operators 6 and a. The condition ( |2.26| ) in the b, a 
space takes the form 6/ |"0)bf — 0, that is there are no bosons b contained in |V)bf- 
It follows that ( |A3| ) is mapped onto 

h l — ^ [A, b l )Bi l — ^ [A, b k ]B k ~ \n b = 0) 

(Cp)bf — (CF)bf (Cp)bf — (Cp)bf 

= b i ±b l B l b k B k \n b = 0) = B^B h \n h = 0) . (A6) 

This is the image of the original ideal space state B i -^A k B k \ip) ) which follows after operating 
with AA _1 on the final state above and completing the commutator [A, b k ] to identify the 
image of A k . Consequently, we find from (|A2|) the relation 
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a u -^A l B t -^A m B m |V) = -^AB^ -^A m B m |^) . (A7) 

Op Op Op Op 



We note that it is not possible to repeat a similar derivation for the first order terms as Cp 
1 

'ex- 



acting on a u -^-A l Bi\ip) has in general zero eigenvalues - this is evident for \ip) = \n F = 0), 



for example. 

Returning to Eq. (|A1|) and using (|A7|) , we have after some manipulation 

( Cf ~ Cf A- AB^a u ^ r A m B m l -^A l B l ^a v ^ r A m B m 

\C F -C F C F u C F Cp-Cp C F 

+ — ^A i B l ^A m B m ocA \ip) = ( — ^AB^A k a v A k ^-A m B m 

C F (C F -C F ) J 1 ! \ C F (C F -C F ) C F 

+ ^ * *, A%~ A m B m a A \if>) = 0, (A8) 



C F {C F — Cp) 



because, using again, we have Ak-^-A m B m \ip) = B, 



It is now straightforward to prove the cancellation for all higher-order terms by induction 
using 

[yFJbf ~ l^Fjbf l^Fjbf — l^Fjbf 

= b^B n . . . b^B in \n b = 0) = Bi 1 ^, b h B h . . . V^B^n, = 0) . (A9) 
n\ [n — 1J! 



Since annihilation and creation operators are linked by the commutation relations ( |2.2|) 
it follows that the terms increasing the number of ideal fermions a by three, five etc. also 
cancel in the creation operator (|2.25 ) when acting on the class of states characterized by 

Nevertheless, it is instructive to see explicitly how the terms increasing the ideal fermion 
number by three in the creation operator image actually cancel. These terms appear in 
expression Q2.25Q which shows that the relevant boson operator parts have respectively the 
structure B k B[Bi and that of a single-boson annihilation operator. The terms of the former 
type cancel as the structure is of exactly the same form as the second-order part of the 
annihilation operator image for which we have demonstrated the cancellation above. The 
latter part can be written as 



A r A l B l l -^A l B l l -^A l ~ [A h a u ]A r A m B m 

Of Of — Of Of ~~ O'F '-"F 

-A m B m ~A l [A h a v \ + — ^-A l ~A m B m [A h a" 



C F (C F — Cp) Cf(C*f — Cf) 

l-A l [A l ,ar]-±-A m B m - -—J— pf -A m B m ~A k A k ar 
_Op Op C F {C F — o-pj 

' -A 1 ~[A u or\±-A m B m 



Cp — C F ' c F 
+ - * ~ A m B m ,A l [A h a v ] + 1 A l ~A m B m [A h a> 

Of^Of — 0"F I Op^Op — Of ) 
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<£—°*±.A l ~[A li an±-A m B m 
Of — Of °f 

l -^A l ~ [A h a u ]^-A m B rn + 

1 J C F Cf(Cf-Cf) 



Cp — Cf 
1 



A 1 ~A m B m [A h a L 



+ 



Cf(C*f — Cf 
1 



-A l ~A k A k [Ai,a v ]—A m B m 
l c F 



Cp(Cp — Cp i 



(A10) 



using 



and 



a ' 



'a 



Up Op 



(All) 



derived from expressions (|A4|) and the definition (|2.16|). 



(A12) 



APPENDIX B: STRUCTURE OF SINGLE-FERMION IMAGES IN THE SO(5) 

CASE 

Here we exemplify the result of Appendix [A] in the case of the SO (5) model discussed 
in Sec. |111 Q We show that higher order terms in the single- fermion images cancel for the 
second-order part of the annihilation operator acting in the space where no ideal fermions 
are present. To be explicit, we show that 



a P - —W —W, 



s~i r~i s^i V /T J & \ s~i 

Of — Of Of — Of Of — Of Of — o~ 



(-^- 7 -W~)a p (-^- 7 -W~))\n F = 0)=0. (Bl) 



The left hand side follows from (|A1|), W is given by ( p.!7|) , and Cf by ( |3.18| ). It can be 
derived that 

' -W l -^W~ \n F = 0) 



Cp — Cp Cp — Cp 

[ £ + S + BfB p + JC+S+BfBh + \C + C + B P B P + ^K, + K, + BhBh 



n(n- 1) 



fi(fi-l)(2f2 + l) 
1 

1)(2Q + 1 



1 'QS+S+ + IC + £ + )B f B f 



+7^ TYT^ Tt( 5 + 5 + + ( 2fi " !)£+£+) B p B h ) \n F = 0) (B2) 



and 
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Cf — Cv 



Cf — Cp 



W~)\n F = 0) 



( o(0^ 1) (^ + ^ p '^ + 5 +K'£+]) jB / 5 p + /C+[a p ,5 + ]B/Bh + £+[a p ,£+]fipfip 



0(0 



^ n + l) (S+[a p ,S+] + (O - l))C + [a p ,C + ])B p B h j \n F = 0) 



(B3) 



From (|B2j ) and (|B3| ) it is apparent that (|B1| ) is fulfilled. 

It is interesting to note that the above derivation is valid even for spurious states in the 
boson- fermion space. Consider e.g. $7 = 1. The two-boson configuration 



(B f B f + B p B h )\0) 



(B4) 



is then a spurious state 0. We observe that expressions ( |3.21| ), ( |B2|) , and (|B3| ) are singular 
for = 1. However, for O = 1 these equations are simply not applicable as they stand, 
because 



and 

Consequently, instead of 
1 



(S + S + + £ + £+)|0) = 

(S+at* + K+a?)\0) = 0. 
we have here 

' -W~ |n F = 0) 



(B5) 



(B6) 



Cp — Cp Cf — Cp 

(±S + S + + K + C + ){-\B f B f + B p B a )I"f = 0), 



30(20 + 1) 
and (|B3|) should be replaced by 

' -W~a r 1 



(B7) 



Cf — Cf 
4 

30(20 + 



Cf — Ct 



-W~ |n F = 0) 



-(S + [a p ,S + ] + /C + K,£ + ])(-| J B /J B / + S„S fc )|n P = 0), 



:bs) 



from which we can see that the second-order contributions to the single-fermion annihilation 
operator image cancel even in this case. Moreover, it is apparent that the operators that 
act on |n P = 0) in both both ([B7]) and ( [B8D give a zero state when they act on the spurious 
state (Bp . 
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